Abstract -This paper presents a DFT (Discrete Fourier Transform) based estimation algorithm for the parameters of a low-frequency oscillating signal. The proposed method estimates the parameters, i.e., the frequency, the damping factor, the mode amplitude, and the phase, by fitting a discrete Fourier spectrum with an exponentially damped cosine function. Parameter estimation algorithms that consider the spectrum leakage of the discrete Fourier spectrum are introduced. The multi-domain mode test functions are tested in order to verify the accuracy and efficiency of the proposed method. The results show that the proposed algorithms are highly applicable to the practical computation of low-frequency parameter estimations based on DFTs.
Introduction
Recently, the WAMS (Wide Area Measurement System) related technologies are rapidly being developed in power system in order to enhance the power system stability [1] [2] [3] [4] [5] . In the WMAS, an accurate and fast estimation of the lowfrequency oscillation parameters is a very important part in analyzing, controlling and operating a wide area power system. In general, the real-time synchronous parameters of the power system are measured by using synchrophasor technology [6] [7] [8] [9] . The key elements of synchrophasor technology are the estimation technique of the lowfrequency oscillating parameters, i.e., the phasor, the frequency, and the damping factor.
Prony based estimation algorithms [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] have been developed and applied to this area. In practice, the Prony based estimation algorithms have been widely applied to the analysis of the dynamics in power systems. However, it is well known that this method requires computational burdens.
DFT (Discrete Fourier Transform) based estimation algorithms [23] [24] [25] [26] [27] [28] [29] have been developed and applied to this area. The DFT algorithms are very widely used in the area of modern digital signal processing. In practice, FFT (Fast Fourier Transform) algorithms are applied to estimate reliable estimation results and to enhance the overall computational speed. In [23] , a stability analysis method was proposed that estimates the frequency and the damping factor using the Fourier spectrum. In [24] , a methodology was introduced for the monitoring and on-line analysis of power system dynamic performances based on the time frequency distribution of the energy of electromechanical oscillations obtained by a STFT (Short-Time Fourier Transform). In [25] , a methodology was introduced that excites the system with a low-level pseudo-random probing signal and identifies the oscillatory modes using a spectral density estimation and frequency domain transfer function identification. In [26] , a Fourier transform based algorithm was introduced that estimates the parameters of the oscillating modes that arise after a system disruption. In [27] , a stability monitoring method was proposed that estimates the frequency and the damping factor from the Fourier spectrum. In [28] , a hybrid method was proposed which use DFT to start the low-frequency oscillation parameter estimation process. In [29] , fast and efficient parameter estimation method based on DFT was proposed. This method adopts simplistic algorithms that estimates the oscillating low-frequency parameters at around 0.2~2.0Hz in power systems. The DFT based parameter estimation method is very fast and computationally efficient. However, in some cases, the errors of the estimated parameters are not acceptable due to the frequency resolution and the rapid changes in the phase value near the peak amplitude value of the discrete Fourier spectrum.
In this paper, the extended parameter estimation algorithms found in [29] are introduced. In the proposed method, the damping factor is approximated from the peak amplitude and its left/right amplitude in the amplitude Fourier spectrum to compensate the spectrum leakage. The mode frequency is estimated from the peak amplitude and the estimated damping factor in order to reduce the estimation errors found in DFT based parameter estimation method. The mode phase is then estimated from the estimated mode frequency in the phase Fourier spectrum.
The computation speed of the proposed method is very fast because it uses only a simple arithmetic process except for the DFT process for the original signal. Test signals having two or three mode are used to prove the efficiency of the proposed method. From the results, it can be seen that proposed method is highly applicable to low-frequency oscillating parameter estimation.
The Parameter Estimation in the Continuous Fourier Transform
The amplitude and the phase of the Fourier spectrum can be obtained by the Fourier transform of the original signal. In general, the periodic signals without damping can be transformed into a line spectrum by Fourier transformation. But the periodic signals with damping can be transformed to band spectrum by Fourier transformation. In the continuous spectrum, the Fourier spectrum near the peak value can easily transform into an exponentially damped cosine function. Hence, the mode parameters, i.e., damping factor, frequency, and mode amplitude and phase, of the low-frequency oscillating signal can be directly extracted from the exponentially damped cosine function through the simple arithmetic process. The conceptual signal processing flow of the Fourier transform based parameter estimation is shown in Fig. 1 . 
The Fourier transform of the exponentially damped cosine function
The exponentially damped cosine function x(t) can be expressed as:
where A is the mode amplitude, α is the damping factor, ω 0 is the mode frequency, and φ 0 is the mode phase
The Fourier spectrum F(ω) can be obtained from the Fourier transform in (1) . It can be expressed as a complex function as:
where A(ω) is the amplitude spectrum, and φ(ω) is the phase spectrum. Typically, the Fourier spectrum of a signal with a highfrequency band can be transformed into a cosine/sine functions because the frequency has a larger value than the damping factor in the high-frequency band. The Fourier spectrum of a signal with a low-frequency band, however, can be transformed into an exponentially damped cosine/sine functions according to the value of damping factor.
In (2), the small damping factor results in a narrow spectrum bandwidth for the mode frequency ω 0 . When ω 0 >>α, the Fourier spectrum becomes:
The mode frequency estimation in the continuous Fourier spectrum
The Fourier transform is widely used in various industry applications. Specifically, the Fourier transform is the most popular method used for frequency analysis. The Fourier spectrum can be taken from the time series data of the signal by a Fourier transform. By using the Fourier transform, the dominant frequency of the signal can be extracted.
The frequency corresponding to the peak spectrum indicates the dominant frequency of the time series data of the signal. Therefore, the frequency corresponding to the peak amplitude of the Fourier spectrum can be chosen as the estimated mode frequency
The damping factor estimation in the continuous Fourier spectrum
In (2) 
From (5), the damping factor can be extracted from the frequency of the amplitude corresponding to 1/ 2 times the peak amplitude. This relationship indicates that the damping factor can be directly calculated from the amplitude of the Fourier spectrum.
The mode amplitude estimation in the continuous
Fourier spectrum
In ( 
From (6), it can be seen that the mode amplitude can be directly calculated from the product of the peak amplitude of the Fourier spectrum and damping factor. The mode amplitude can be extracted from the amplitude spectrum because the damping factor can be directly calculated from the amplitude spectrum.
The mode phase estimation in the continuous
Fourier spectrum 
Therefore, the mode phase can be easily extracted from the phase spectrum. It should be noted that the phase near the peak value is sensitive to frequency variations because the phase curve is expressed as an arctangent function. Fig.  2 illustrates the relationship between the dominant oscillating parameters and the Fourier spectrum. 
The Practical Computation Algorithms in Discrete Fourier Transforms
Mathematically, it can be seen that the mode parameters of the low-frequency oscillating signal are easily estimated from the continuous Fourier spectrum. However, in practice, the parameter estimations found by using (4) ~ (7) contain errors due to the spectrum leakage of the discrete Fourier spectrum. In the mode phase estimation, the phase is very sensitive to the frequency changes. For example, the mode phase varies 360°per second for a 1 Hz signal. Therefore, the estimation results of the phase found using (7) may include large errors according to the frequency intervals of the discrete Fourier spectrum. A small sampling time and a large time interval are required in order to estimate accurate parameters from the Fourier spectrum found using the DFT. However, it requires computational burdens to guarantee acceptable parameter estimation results.
In the DFT, the Fourier spectrum has a discrete value with constant frequency intervals. The frequency resolution (frequency interval) of the discrete Fourier spectrum becomes:
where f Δ is the frequency resolution (interval), N is the data number in the sampling interval and T is the sampling time.
A small frequency resolution for the discrete Fourier spectrum enhances the accuracy of the parameter estimation results. However, this requires a smaller sampling time and/or a larger sampling interval.
In this paper, a practical computation algorithm for the DFT based parameter estimation is proposed. It uses a simple arithmetic calculation process for the discrete Fourier spectrum. In addition, it enhances parameter estimation accuracy with a limited sampling time and sampling interval.
The damping factor estimation algorithm in the discrete Fourier spectrum
The damping factor can be directly extracted from the Fourier spectrum by the Fourier transform. However, in the DFT, the discrete Fourier spectrum is expressed in a discrete value with constant frequency intervals. Thus, spectrum leakage exists in the discrete Fourier spectrum.
In the proposed method, an interpolation technique is used to correct the estimation error of the damping factor as shown in Fig. 3 . The damping factor can be calculated by a linear approximation through a simple arithmetic expression from the amplitude and the frequency of the peak spectrum and the left/right spectrums. The left and right frequency corresponding to 1/ 2 times the peak amplitude in a discrete amplitude spectrum can be obtained by: Fig. 3 . The illustration of the proposed damping factor and frequency estimation in the discrete Fourier spectrum
where A(ω 0 ) is the peak amplitude, ω 0 is the peak frequency, A(ω 1 ) is the first left-side amplitude corresponding to A(ω α ) in the left-side amplitude to the peak amplitude, ω 1 is the frequency corresponding to A(ω 1 ),
A(ω 2 ) is the first right-side amplitudes corresponding to A(ω α ) in the right-side amplitudes to the peak amplitude, ω 2 is the frequency corresponding to A(ω 2 ), and A(ω α ): is the 1/ 2 times A(ω 0 ). From (9) and (10), the damping factor in the discrete Fourier spectrum with spectrum leakage can be approximated by
The frequency estimation algorithm in the discrete Fourier spectrum
In the discrete Fourier spectrum, the distances between the peak amplitude and its first left and right-side amplitude are not same due to the spectrum leakage. Therefore, the mode frequency corresponding to the peak amplitude of the discrete amplitude spectrum contains errors. If there is no spectrum leakage, then the distances between the peak amplitude and its first left and right-side amplitude must be same.
In the proposed method, the mode frequency in a discrete Fourier spectrum with spectrum leakage can be approximated by using (11):
The phase estimation algorithm in the discrete Fourier spectrum
The phase spectrum is expressed by using an arctangent function of the frequency. Therefore, it is sensitive to the frequency changes near the peak frequency band. It is expected that the phase value estimation from the discrete phase spectrum may include large estimation errors. Thus, accurate frequency estimation is very important to the phase estimation in the DFT based parameter estimation.
Therefore, the mode phase in the discrete Fourier spectrum with spectrum leakage can be estimated by using (12) :
The mode magnitude estimation algorithm in the discrete Fourier spectrum
When the discrete Fourier transform is applied to the same time interval, the amplitude of the Fourier spectrum is calculated differently according to sampling. Therefore, the Fourier spectrum needs to be normalized so that the estimated values may not be different according to time interval and sampling time. Because the discrete amplitude spectrum is proportional to the number of the data, the normalized amplitude can be calculated by:
Then, the mode amplitude can be determined by:
The Numerical Examples
The test signals having the multi-domain modes were tested in order to verify the accuracy and efficiency of the proposed method. The test signal consisted of the sum of an exponential damped cosine functions with the multimode. The generalized formula becomes: When the sampling interval was set to 100 s with the sampling time of 0.1 s, the estimated mode parameters of the test signals are listed in Table 2 and Table 3 . It can be seen that the estimated parameters values of the proposed method are close to the actual parameter values. Obviously, the accuracy of the parameter estimation mainly depends on the frequency resolution and/or spectrum leakage. The frequency resolution and spectrum leakage should be dominated by the sampling interval and sampling times. In order to evaluate the accuracy and efficiency of the proposed estimation algorithms, the parameter estimation errors of the conventional and proposed method are compared with different sampling intervals and sampling times. 
where y est is the estimated value and y 0 is the actual value. It is note that degree is used as the unit of the phase error instead of percentage. The parameter estimation errors for test signal 1 with different sampling intervals and sampling times are listed in Table 4 , Table 5 and Table 6 . From the estimation errors of the parameter for test signal 1, in most cases, it was shown that the estimation errors of the proposed method are smaller than those of the method in [29] . And it is note that estimation errors are limited within a relatively small range by applying the proposed linear approximation algorithms in spite of small sampling intervals and large sampling times. Thus, the overall estimation errors using the proposed method are more accurate than those found using the method in [29] under the small sampling intervals and sampling times. The parameter estimation errors for test signal 2 with different sampling intervals and sampling times are listed in Table 7 , Table 8 and Table 9 . It is note that the test signal 2 contains three dominant modes. From the parameter estimation errors of test signal 2, it is verified that the estimation errors using the proposed method are more accurate than those using the method in [29] under the all sampling intervals and sampling times. Thus, it is verified that the proposed linear approximation algorithms are very efficiently compensate the spectrum leakage of the discrete Fourier Spectrum. This show that the proposed linear approximation algorithms are efficient in the practical computation of the DFT based parameter estimation.
However, the estimated phase parameters contain considerable errors with respect to the other estimated parameters. The small estimation error of the frequency results in a considerable estimation error for the phase estimation because the phase spectrum is the arctangent function of the frequency.
Conclusion
This paper described methods used to estimate lowfrequency parameters in the discrete Fourier spectrum. The approximated estimation algorithms reduce errors and to enhance the accuracy of DFT based parameter estimation. The proposed estimation algorithms are very simple and have a very fast overall computation speed compared to the existing method because all of the computation processes use simple arithmetic calculations except the DFT or FFT processing of the signal.
It can be seen that the parameter estimation results of the proposed method for the test signals are very accurate and have reasonable error tolerances. In addition, it is well known that the DFT based parameter estimation method is very robust to noise. As a result, the proposed algorithms are highly applicable to the parameter estimation of lowfrequency oscillating signal in the power systems.
